Size-Momentum Correspondence and Chaos by Mohapatra, Shrohan et al.
Size-Momentum Correspondence and Chaos
Shrohan Mohapatra 1
School of Electrical Sciences
Sandip Mahish2 and Chandrasekhar Bhamidipati3
School of Basic Sciences
Indian Institute of Technology Bhubaneswar
Jatni, Khurda, Odisha, 752050, India
Abstract
Following the proposals in [1–3] on the size-momentum correspondence in chaotic theories,
we study the late time evolution of radial momentum of a charged particle falling in the black
hole, in a broad class of models, such as, Gauss-Bonnet(GB) and Lifshitz-Hyperscaling violating
theories in AdS. In the presence of a chemical potential, the behavior of particle momentum
is sensitive to critical relations satisfied by the parameters of the black hole and the particle
charge [4]. For Gauss-Bonnet black holes, the operator size is seen to be suppressed as the GB
coupling constant λ is increased. For the Lifshitz-hyperscaling violating theories characterized
by the parameters z and θ, the operator size is higher as compared to case z = 1, θ = 0 (Reissner-
Nordstrom AdS black holes). These results on particle momentum and hence the operator size
growth, are found to be consistent with the known results on growth of holographic complexity
in these models, supporting the proposals in [1–3].
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1 Introduction
The connection between chaotic systems and gravity has received continuous attention in recent
times. New concepts have emerged from this correspondence, for instance, scrambling, com-
plexity proposals, butterfly effect etc., [1]-[16]. In this context, chaos in quantum systems and
SYK models, has also been actively studied through several observables such as entanglement
entropy, holographic mutual information, out of time correlation of operators, among others.
More recently, in the context of AdS/CFT and GR=QM proposal, it was argued by Susskind
that the exponential operator size growth is holographically linked to radial momentum of a
particle on the gravity side [1–3]. Furthermore, the falling of things, such as, particles and
operator size is intricately linked to the complexity of the system and chaos. These suggestions,
in fact belong to a much larger proposal, connecting the origin of gravitational attraction and
Newton’s laws to the quantum mechanical operator size growth and in turn to increase in com-
plexity of the system [3].
In the context of holography, considering a simple operator W (t) on the boundary, can be
thought of as placing a particle of mass m in the bulk. As the particle evolves away from
the boundary with momentum P (t), its dual operator evolves in time too, growing in size and
becoming increasingly complex. If W (t) is expanded in terms of some boundary operators Ws(t)
as:
W (t) =
∑
s
Ws(t) , (1.1)
where Ws =
∑
a1<...<as
ca1...as(t)ψa1 ...ψas , then s is called the operator size [6, 16]. The operator
size-particle momentum correspondence in the background of a Reissner-Nordstrom black hole
in AdS, was proposed and analyzed in the context of neutral particles in [2]. At late times, as
the particle nears the black hole horizon, its momentum P (t) grows as:
pz(t) ∼ e
2pi
β
t
(1.2)
where β is the inverse temperature. The proposal of [1–3] is that the holographically dual
operator size also grows exponentially.
Considering a charged particle in the bulk corresponds to having a holographically dual operator
which is charged under a global symmetry. If an appropriate chemical potential is introduced in
the bulk to take this in to account, the key result of [4] is that the presence of chemical potential
leads to suppression of chaos, beyond a critical limit. For example, depending on the value of
particle charge q, which is greater than or less than a critical value qcrit, the particle momentum
behaves differently. For instance, for q < qcrit, the late time growth of momentum does not
depend on the value of q chosen, with q ≈ qcrit regime signaling scrambling time growth. When
q = qcrit, the particle momentum growth ceases after a certain time. For q > qcrit, the particle
momentum shows an oscillating behavior pointing towards localization. The oscillating behav-
ior of particle momentum in fact exists even in empty AdS space-time, with out a black hole
and complexity is expected to show similar behavior [3]. Many of these observations are in line
with other existing results in literature, such as SYK model with complex fermions [17], large
D matrix quantum mechanics [18] and random circuit models [19, 20]. Moreover, connection
between localization of operators with U(1) symmetry in radom circuit models and connection
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with oscillating particles in gravity was also noted in [21].
The aim of this work is to continue and extend the above studies by investigating the operator
size-particle momentum correspondence in more general theories of gravity, e.g., Gauss-Bonnet
and Lifshitz-hyperscaling violating theories. Another motivation following [1, 3] is the connec-
tion between operator size and complexity. Holographic complexity and its time evolution in
general theories of gravity has already been explored extensively in the aforementioned models.
Hence, it is interesting to check whether the growth behavior of particle momentum and hence
the operator size growth, contain features similar to the complexity growth in these models, as
advocated in [1, 3]. We find that the they do share similarities.
Rest of the paper is organized as follows. Section-2 contains our main results on late time
behavior of particle momentum and hence the operator size growth in various models, such as,
Gauss-Bonnet and Lifshitz-hyperscaling violating theories. We end with remarks in section-3.
2 Falling in to Black Holes
In the following subsections-(2.1) and (2.2), we present our results on time evolution of charged
particle momentum in Gauss-Bonnet and Lifshitz-hyperscaling violating theories, respectively
and discuss the connection to holographic complexity growth in each case. The general strategy
in both the cases to be studied below is to numerically solve the geodesic equations of the charged
particle in each case and obtain the corresponding time evolution of particle momentum.
2.1 Falling in to Charged Gauss-Bonnet AdS Black Holes
Let us start by considering a planar Gauss-Bonnet AdS black hole in five dimensions given by
the metric [22, 23]:
ds2 =
1
z2
(
−φ(z)N2dt2 + φ−1(z)dz2 + 1
`2
dx¯2
)
, (2.1)
A = µ
(
1− z
2
z2+
)
dt, (2.2)
where the lapse function φ(z) is:
φ(z) =
1
2λ`2
[
1−
√
1− 4λ(1− z2
z2+
)(
1− z
2
z2−
)(
1 + z2(
1
z2+
+
1
z2−
)
)]
.
Here, z+ is outer horizon radius and µ is the chemical potential in the dual quantum field theory
living on the boundary z = 0, given together N below as:
µ =
√
6qNz2+
2κ`
, N2 =
1
2
(
1 +
√
1− 4λ
)
. (2.3)
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Figure 1: (a)Variation of qcrit with λ for GB (b) Variation of µextremal with λ for GB
We can write other parameters such as mass M, temperature T and charge q, in terms of
chemical potential as:
M = 1
z4+
+
2κ2µ2`2
3N2z2+
q =
2µκ`√
6Nz2+
T =
N
pi`2z+
(
1− κ
2`2z2+µ
2
3N2
)
where κ =
√
8pi, (2.4)
In the extremal limit where the temperature vanishes, the outer and inner horizon will coincide,
giving z+ = z− = zh. This conditions results in an extremal value of parameters given as:
qextremal =
√
2
z3h
, µextremal =
√
3N
κ`zh
, (2.5)
and the lapse function takes the form
φextremal(z) =
1
2λ`2
(
1−
√
1− 4λ(1− z
zh
)2(
1 + 2
z2
z2h
))
. (2.6)
Action of a charge particle probe in this case turns out to be:
S = −m
∫ √
φ(z)N2
z2
− z˙
2
z2φ(z)
dt+ qµ
(
1− z
2
z2+
)
dt . (2.7)
With out loss of generality, we take m = 1. Relevant component of the momentum correspond-
ing to the coordinate z(t) is:
Pz =
z˙
z
√
φ(z)
√(
1 +
√
1− 4λ
)
φ(z)2 − z˙2
. (2.8)
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Figure 2: Exponential growth of particle momentum for µ = 0.75µextremal: (a) for different values of charges (b)
for different values of the GB coupling constant
Using the mass shell constraint, the energy is:
E = −qµ
(
1− z
2
z2+
)
+
mN2φ(z)
3
2
z
√
φ(z)2N2 − z˙2 (2.9)
When the energy is negative the particle oscillates between two turning points z∗,±, with charge
q(> 0) greater than the critical value:
qcrit =
mN
√
φ(z∗,−)
z∗At(z∗,−)
(2.10)
Some comments are in order before we proceed. There are three regions of the charged Gauss-
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Figure 3: Temporal variation of the momentum for charge q > qcrit.
Bonnet black hole space-time in the near extremal limit, namely the Rindler region (close to
the horizon zh = 1), a long throat region and the boundary outer region (Newtonian). These
are similar to any charged black hole [2]. As noted in [4], in the context of Reissner-Nordstrom
black holes, even in the present case of GB black holes, particles with different charges and bulk
starting points z∗, probe different regions with characteristic trajectories1. Depending on the
charge value, some particles oscillate in the Newtonian and/or throat region and others which
fall in to the black hole asymptotically [2, 4] . The later set of orbits, where the particle is
confined to the Rindler region with exponentially growing momentum at late times, happens
1See figure-1 of [4] for a discussion of various trajectories of charged particles in Reissner-Nordstrom black
holes, which are valid for any charged black hole close to extremality.
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Figure 4: Phase space plots of Gauss-Bonnet Black holes for: (a)q < qcrit (b) q > qcrit
universally for all chargeless particles (and for charged particles with q < qcrit) and corresponds
to chaotic behavior. Following an analysis similar to [4], we show that, the late time evolution
of the particle momentum is suppressed for particles with charge q closer to qcrit, signifying the
suppression of chaotic behavior.
The time evolution of particle momentum for different values of charge parameter can be ob-
tained, in the limit when the black hole is close to extremality. To ensure this, we need to fix
the chemical potential to be below the extremal value µextremal given in eqn.(2.5). However,
for the GB black holes, µextremal and in fact even qcrit are not a constant and vary with the
GB parameter λ, as shown in the plots in figures-1(a) and 1(b). In doing the numerical com-
putations, we have ensured that the value of chemical potential is 0.75µextremal recursively at
all stages. With this, the behavior of the particle orbits and associated momentum evolution
can be classified based on whether q < qcrit or q > qcrit. General observations made in [4]
are still valid, namely, for q < qcrit: that the operator size stops evolving for critical charge
and that the late time growth of the particle momentum is independent of q (see figure-2(a) ).
For q > qcrit, the operator size oscillates and denotes localization on some RG scale (see figure-3).
Following are new results, particular to GB black holes. In figures-2(a) and 2(b), the late
time behavior of particle momenta are shown for different values of the conserved charge and
GB coupling, for the case where q < qcrit. The results can be summarized as follows: both
the presence of conserved charge q and the GB coupling λ suppresses the chaotic behavior, and
hence, the holographic operator size is suppressed too. As per the proposal of [1–3], these results
signify that q and λ also suppress the complexity growth. Earlier, aspects of chaos, complexity
and scrambling were actively pursued in Gauss-Bonnet theories in [24]. In particular, the late
time complexity growth was studied as a function of charge q and the GB coupling λ. The
growth rate was shown to decrease as the charge q increases, reaching zero for extremal black
holes. Furthermore, the GB parameter λ suppresses the rate of complexification. Both these
conclusions on complexity growth are in conformity with our observations, there by giving
credence to the proposal of [1–3].
The phase space plots of the charged particles are shown in figures-4(a) and 4(b) for various cases
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Figure 5: Phase space plots of Reissner-Nordstrom Black holes for: (a)q < qcrit (b) q > qcrit
and they are well correlated with earlier observations, namely exponential growth for q < qcrit
(as the particle approaches the black hole horizon) and periodic trajectories for q > qcrit (the
particle never enters the Rindler region). For the purpose of comparison, we also give plots
for a charged particle in the background of a planar Reissner-Nordstrom black hole (see [4] for
particle orbits) in figures-5(a) and 5(b), which are well correlated with the general observations
made for GB black holes above.
2.2 Falling in to Charged Lifschitz and Hyperscaling Violating Black Holes
Another class of very interesting models to further explore the size-momentum correspondence is
those supporting both anisotropic and hyperscaling violating exponents. These models exhibit
a scaling symmetry given as:
r → ωr, t→ ωzt, x→ ωx, ds→ ω θdds, (2.11)
where the exponents z and θ stand for anisotropic (Lifshitz) and hyperscaling violating param-
eters. As distances are no more invariant under scaling transformations, they indicate possible
violations of hyperscaling in the boundary field theories. The holographic gravity set up for
exploring these models is the Einstein-Maxwell dilaton system (see for instance [31–33]). Holo-
graphic complexity in these models is studied for example in [34–36]. Analytic solution for
charged Lifshitz-hyperscaling violating black brane solution in four dimensions is known, and
we start with the metric suitable for the present case (taking r = 1/u) given as [26, 34–36]:
ds2 = uθ−2
(
− u−2z+2f(u)dt2 + du
2
f(u)
+ (dx2 + dy2)
)
(2.12)
f(u) = 1−
( u
uh
)2+z−θ
+Q2u2(z−θ+1)[1−
( u
uh
)θ−z
] (2.13)
Fut =
√
2(z − 1)(2 + z − θ)e
2−θ/2√
2(2−θ)(z−1−θ/2)φ0u−(1+z−θ) (2.14)
Fut = Q
√
2(2− θ)(z − θ)e−
√
z−1+θ/2
2(2−θ) φ0u(z−θ+1) (2.15)
eφ =
eφ0
u
√
2(2− θ)(z − 1− θ/2) (2.16)
Where field strength Fut gives rise to gauge field A which creates a charged solution and Fut
together with dilation φ creates a anisotropic scaling, uh is horizon radius, θ is hyperscale
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violating factor and z is Lifshitz scaling factor. We can write the gauge fields as
At = −µ
[
1−
(uh
u
)2+z−θ]
with µ =
√
2(z − 1)
2 + z − θe
2−θ/2√
2(2−θ)(z−1−θ/2)φ0u
(θ−2−z)
h
At = µ
[
1−
( u
uh
)z−θ]
with µ = Q
√
2(2− θ)
z − θ e
√
z−1+ θ2
2(2−θ) φ0uz−θh (2.17)
Gauge field At will interact with charged particle. Hawking temperature is given by
T =
(2 + z − θ)u−zh
4pi
[
1− (z − θ)Q
2
2 + z − θ u
−2(θ−z−1)
h
]
(2.18)
In charged background range of parameters are given by
0 ≤ θ ≤ 2(z − 1) for 1 ≤ z < 2
0 ≤ θ < 2 for z ≥ 2 (2.19)
For extremal case Hawking temperature becomes zero. Then we get
Qextremal =
√
2 + z − θ
z − θ u
(θ−1−z)
h
µextremal =
√
2(2− θ)(2 + z − θ)
z − θ
1
uh
(2.20)
The critical charge and the particle momentum can be obtained in a way similar to earlier cases
and are given by:
qcrit =
√
f(u∗,−)u
θ
2
−z
∗,−
µ(1− ( uuh )z−θ)
.
Pz =
u˙√
u2−θf(u)(u2−2zf(u)2 − u˙2) (2.21)
In the present case, we note that the operator size and hence the chaotic behavior is suppressed
the charge of the paticle q approches the qcrit and stops evolving at q = qcritical (from figure-
6(a)). Figures-6(b) and 6(c), show the late time evolution of particle momentum, and hence the
holographic operator size for various values of z and θ, respectively. Let us mention that in the
case z = 1, θ = 0, the metric in eqn. (2.12) goes back to that of a planar Reissner-Nordstrom
black hole and hence the results of this section can be compared to the operator size growth
studied in [4]. Now, one common feature which one notes from figures-6(b) and 6(c) is that,
as compared to the case z = 1, θ = 0 (blue plots in figures-6(b) and 6(c) ), the operator size
at late times is always higher for any value of anisotropy and hyperscaling violating parameter
(with in the range specified in eqn. (2.19). Thus, as per the proposals in [1–3], the holographic
complexity is also expected to show similar increase. Indeed, the increase of complexity for z > 1
as compared to z = 1 was noted earlier in [34, 36] through direct computation. Furthermore,
we also note from figures-6(b) and 6(c) is that the operator size growth at late times, increases
with z and decreases with θ.
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Figure 6: Time evolution of particle momentum in Hyperscaling Violating Theories for µ = 0.75µextremal: (a)
Suppression in chaotic behavior as q = qcrit. The z = 1, θ = 0 case corresponds to the result in Reissner-
Nordstrom black holes: (b) variation w.r.t. z (c) variation w.r.t. θ
3 Remarks
In this paper, we discussed the holographic model of operator growth in the presence of chemical
potential and studied the late time behavior of momentum of charged particles in the background
of near extremal charged AdS black holes in various models, such as Gauss-Bonnet and Lifshitz-
Hyperscaling violating theories. In particular, we followed the analysis in [4] and obtained the
variation of radial momentum of particles, and hence the operator size as a function of couplings
of the appropriate theories and compared it with known results on holographic complexity in
these models. Suppression of chaotic behavior is observed in all the models studied above a
certain critical charge. This is consistent with chaos suppression observed earlier in a variety
of contexts [17–21]. For Gauss-Bonnet black holes, the growth of operator size is seen to be
suppressed as the GB coupling constant λ is increased. The operator size is found to be higher
in Lifshitz-hyperscaling violating theories as compared to the z = 1, θ = 0 case (corresponding
to particle falling in to Reissner-Nordstrom black holes). Furthermore, operator size increases
with z and decreases with θ. These results on particle momentum and hence the operator size
growth, are found to be consistent with the known results on growth of holographic complexity
in these models, supporting the proposals in [1–3]. It would be interesting to do more elaborate
compucations, say, at finite temperature and quantitative analysis to get a deeper understanding
of the connections proposed in [1–3].
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